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Bending and Shear
in Simple Beams

Part 2

» Diagrams by Areas (Semi-graphical)
+ Diagrams by Equations

+ Examples in Form (catenary curves)
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3. Shear and Moment by Semi-graphical Method — diagram relationships

By recognizing the diagrammatic relationships between curves and their derivatives and
integrals, shear and moment diagrams can be constructed based on areas and slopes of those

curves.

Moving from Upper to Lower Diagrams:

» The area between any two points on the
upper diagram is equal to the change in

value between same points on the lower

diagram.

» The degree of the curve increases by one

for each diagram.

» The value on the upper diagram is equal to

the slope of the lower diagram.

*  Where the upper diagram crosses 0 on the
axis, the lower diagram is at a maximum or

minimum.

* Points of inflection or “contraflexure”

(between + and — curvature) on the elastic
curve (deflected shape) are points of zero

moment.
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3. Semi-graphical Method
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3. Semi-graphical Method

Procedure:
1. Find end reactions L
2. Start at left end of V-Diagram and “apply “5-* S swe: -2

load from left to right

3. Calculate areas of V-Diagram

4. Find max. and min. values on
M-Diagram using V-Diagram areas
between axis crossings.

5. Check slope and + or - values
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3. Semi-graphical Method
example L m,

Cantilever Beam T
ok
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3. Semi-graphical Method

example
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3. Semi-graphical Method

example

Simple beam
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3. Semi-graphical Method - Superposition
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Equations Method

For simple spans:

V.« IS the larger reaction

max

For symmetric loadings:
M. isatC.L.

max

For cantilevers:
Both V., and M

max

In these equations:

w = load per unit length (PLF or KLF)

W = the total load (LB or KIP)
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are at the support

1. SIMPLE BEAM—UNIFORMLY DISTRIBUTED LOAD

y Total Equiv. Uniform Load . . . ... =wl
e R=V oot -
[IRRRRRRNRRREN T2
R R . 1
‘_2L_>‘_ ZL_’ Vi Ginafhiithasinsimie =wly-x
2
VI_ My (atcenter) . .. ... ... ... =u
Sear _IV 8
LET
MG o ke e § B S i W 66 =7 (-x
f Swit
;,1”,;'i Apax (atcenter) . . ... .. ... .. = 384E
Moment B _ap2 .
Ae e = e P22+
2. SIMPLE BEAM—LOAD INCREASING UNIFORMLY TO ONE END
. . 16W
Total . Uniform Load . . . . .. =——==1.0264W
otal Equiv. Uniform Loa o5
2 ’ il = .
I N
2W
A n, Ro=Vimax o o oo =5
(= .57741 - wowe
% -
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\‘\U\jz Muyax (atx—ﬁ—.5774l) ....... T 1283wl
Wx »
My o s 8 s 6 =—("-
M,..L 3P G
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L Moment Apax (atx:Nl— V% =.51930) . . =0.0130%
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180EIr
7. SIMPLE BEAM—CONCENTRATED LOAD AT CENTER
” Total Equiv. Uniform Load . . . ....... =2P
<-~»1 P R=V . =§
R
A <—é —r— é — M, (atpointofload) . .......... =%[
Shear t,/ M, [when x< —] ............. =%
== A int of load! skl
max  (atpointofload) . . ... ...... =BEH
Mmax
L promry Ay [when x< —] ............. - 4: Z, GBP-4x)
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4. Superposition of Equations

Equations of shear or moment may be
combined (superimposed) for any number

of cases.
BUT

The appropriate location along the beam for

which the equation is valid must be

maintained

Thus
At the reaction, V = P/2 + wL/2

And at the C.L. M = PL/4 + wL?/8
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Non_symmetrlc 5. SIMPLE BEAM—UNIFORM LOAD PARTIALLY DISTRIBUTED AT ONE END

1 Ry=Vimax. . . . . . . . . =—Z%(21—a)
wa Rzg=V2 . . . . . ¢« &« ¢« &« « = E—a;‘
For more complex Ry 4 Rz v, (when X < a) . v+ +« . = Ri—uwx
loads, care must be ™ max.(atx - i‘i) .. .. . =R
R T w 2w
taken_to combine Y' — ‘l'\l Mx (when x < a) O th——'—”—z’ﬁ
equations at the same L Ry Shear 2
. . w My (when x> a) . . . . . =Ra(—x
location or point on
the beam (). s Ax (when x < a) - M"’—E"”(az(zl—a)hzaxz(21—a)+zx=)
wa2(l—x)
A when x > a e e e e = e (4] — 2x2 — a2)
Moment X ( ) el
8. SIMPLE BEAM-—CONCENTRATED LOAD AT ANY POINT
. Total Equiv. UniformLoad , . . . . - 8 "’:b
P
‘_’HI Ry = V;(max. when a < b) e e e . o= I’E
R, R, Ra= Vg(max. when a > b) e e . = —Eli
M max.( at point of load ) e e . = -—?—
o)
v ] Pbx
¥ M whenx < a e e . =
I v ( ) I
Shear Amax. (atx _J2a ;—2!:) whena > b) _ Pab (a +2b) V3a(a+2b)
27EI]
Mmax. Aa ( at point of load ) .. = ';:'b:
Moment Ax ( when x < a ) Ce e . = ——6?:"1 (12— b2 —x1)
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4. Superposition of Equations - example
find x at M,,,,, for combined asymmetric cases

(NOTE: VARIABLES DIFFER
ENP REACTIONS IN DIFFERENT EQUATIONS)
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34. CONTINUOUS BEAM—THREE EQUAL SPANS—ONE END SPAN UNLOADED
Slmple VS- Contlnuous Beams lHHIHHuIJlllll IllIlIII]lIIllujIHIIHHI
AL 1 48 1 1c 1 —|p
Ra=0383wl  Rs=1l20wl Re=0480wl o % o0 .
; 0.383 wiTTreen. _ 0-583 Wi T 0033 0d}
+ Simple Beam Somn e 0.033 wl
— End moments =0 —0.1167 wi
. +0.0|735 wi? /(r h’\ +0.0534 wiz  |—0.0333 wiz
— when symmetric, M,,, at C.L. — ~) —
0.3831 0.583 1
2/g = 2
e'g' WL /8 - 0125WL A Max. (0.430  from A) = 0.0059 wi*/El
. 35. CONTINUOUS BEAM—THREE EQUAL SPANS—END SPANS LOADED
+ Continuous Beam ul ul
— Exterior end moments = 0 Ao g8 U- J8 3 g0
I t i rt t RA = 0.450 wl Re = 0.550 wl Rc = 0.550 wl Rp = 0.450 wl
— Interior moments ar 550 wl
eno SuPp? oments are sﬁé:‘:zw’m‘%o.ssom O e etz 0.450
usually negative e
— Mid-span moments are usually rotosui AT _HO108 wie
MOMENT (> I
positive 0.4501 0.450 1
. A Max. (0.479 ! from A or D) = 0.0099 wi‘/El
— End + Mid = 0.125wL2
36. CONTINUOUS BEAM—THREE EQUAL SPANS—ALL SPANS LOADED
w wl ’
At LB 1 \Lc 1 D
RA=040wl  Re=L110wl Rc = 110wl Ro = 0.400 wl
0.500 wl b 0.600 wl e
sﬁéﬁokm e 0.600 wl 0500wl 0400wl
—0.100 wi? —0.100 wiz
Note: moments shown reversed +0.080 wix MMU'OT%NJLTO e
BAOMENT 0.400 ! W 0.5007 | 0.5001! 0.400 I
A Max. (0.446 ; from A or D) = 0.0069 wi*/EIl
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Moment Diagram vs. Catenary Curve
For a gravity loaded simple span beams,
the shape of the of the moment diagram
is the inverse of the catenary curve.
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