Architecture 314
Structures |

Deflection of Structural Members

Slope and Elastic Curve

Deflection Limits

» Diagrams by Parts

+ Symmetrical Loading

* Asymmetrical Loading

Deflection Equations and Superposition
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Deflection

Axial fiber deformation in flexure
results in normal (vertical) deflection.

The change in lengths, top and bottom, T R IR .
results in the material straining. For a
simple span with downward loading,
the top is compressed and the bottom
stretched.

The material strains result in
corresponding stresses. By Hooke's
Law, these stresses are proportional to
the strains which are proportional to
the change in length of the radial arcs
of the beam “fibers".
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Slope

<

tangent\’
* The curved shape of a deflected beam is — = 5 e
. <
called the elastic curve S g O
-7—— (<] RAvidns
elastic curve

+ The angle of a tangent to the elastic
curve is called the slope, and is

measured in radians. ) 180
degrees = radians —

T
» Slope is influenced by the stiffness of
the member:
— material stiffness E, the modulus of Stiffness = E
elasticity
— sectional stiffness I, the moment of
inertia,
— as well as the length of the beam, L
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Deflection
J/F>
« Deflection is the distance that a beam bends - 74\;‘:;\%;{;,,,,,, ,,,,,i\l,._/é;,,,:ii;?
from its original horizontal position, when . \I """ // =
subjected to loads. T‘* \’
A = deflection
+ The compressive and tensile forces above and Axial Stiffness
below the neutral axis, result in a shortening ’
(above n.a.) and lengthening (below n.a.) of the Stiffness = EA L
longitudinal fibers of a simple beam, resulting in
a curvature which deflects from the original
position. Flexural Stiffness
PLFLLCT tor
Aac EI
L . P& /sw» Stiffness = —
—[2 = Z\_‘z - f/sTNTF/Je,b, A - Y e 1,
yoorL.
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Deflection Limits
(serviceability)

» Various guidelines have been
derived, based on usage, to
determine maximum allowable
deflection limits.

» Typically, a floor system with a LL
deflection in excess of L/360 will
feel bouncy or crack plaster.

* Flat roofs require a minimum
slope of ¥4” / ft to avoid ponding.
“Ponding” refers to the retention
of water due solely to deflection of
relatively flat roofs. Progressive
deflection due to progressively
more impounded water can lead
to collapse.
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roof ponding = ;
from IRC, Josh 2014

TABLE 1604.3
DEFLECTION LIMITS®b-¢:hi
CONSTRUCTION L | Sorw'| D+l
Roof members:*© .
upporting plaster ceiling 1360 /360 /240
Supporting nonplaster ceiling 11240 /240 /180
Not supporting ceiling /180 /180 /120
Floor members /360 - /240
Exterior walls and interior
partitions: o -
With brittle finishes Z%;g
With flexible finishes - -
Earm buildings —_ — 1/180
Greenhouses — — /120
International Building Code - 2006
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Relationships of Forces and

Deformations

There is a series of relationships involving forces and deformations along a beam, which can be useful in
analysis. Using either the deflection or load as a starting point, the following characteristics can be discovered by
taking successive derivatives or integrals of the beam equations.

| AB
—-—w LOAD [ 1o ] _dy 4V 1
Wam A 198 = = E T E
—  —dx
I\A'\'B\ \la-VA:WdX
V= ]“" Jx  SHEAR vé g 8 dy dM 1
N shear = o= T o =
Ma-Mf:de
M = [Vix B ’4\ &y M
MOMENT .M, moment = el ]
6 =|—dx SLOPE 9 /7(’_ dy
; l el slope =
Be- Ba = (Mdx)/(El)
y= I&Ix
DEFLECTION y deflection = y

-

ys-ya = 0dx

University of Michigan, TCAUP

Structures |

Slide 6 of 25




Slope and Deflection in
Symmetrically Loaded Beams

tangent L2 L2 tangent '
LOAD 5 \ / 1
* Maximum slope occurs at the ends of the beam P2 gasticcure | © A2
P/Z[—
. i SHEAR i A
* A point of zero slope occurs at the center line. A o
This is the point of maximum deflection. PL/a
MOMENT /)\
+ Moment is positive for gravity loads.
x (PLA/(16EI)
+ Shear and slope have balanced + and - areas. - /""T—I
A
(PL?)/(16EI) o
+ Deflection is negative for gravity loads.
DEFLECTION \
. ‘E (PL%)/(48E)
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Cantilever Beams
* One end fixed. One end free
* Fixed end has maximum moment, P P
: fL $ PL
but zero slope and deflection. L C I 1
% L S
* Free end has maximum slope and i
deflection, but zero moment. v —_—T\d‘—) e — '1
+ Slope is either downward (-) or 7 -ﬁ
upward (+) depending on which e PL
end is fixed. |L—- :
+ Shear sign also depends on which 't/:]
end is fixed.
F'N I: ; X3 I
* Moment is always negative for FL3

gravity loads.

+ Deflection is always negative with
maximum at the free end for gravity loads.
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Methods to Calculate Deflection

Integration
can use to derive equations 53 B VTP s g7
—w T
Diagrams o
symmetric load cases A-:P w
i f f p
Diagrams (t?y parts) 4 l ’Li’l i L I £
asymmetric load cases T =1 t '

f( Equations
single load cases

Superposition of Equations J, w J,P ,;wp4 T
multiple load cases 4 + == d*3z0er T zer
3 £
S B
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Deflection by |ntegration
A
Load S -
wf
Shear K ¢
Sy a(?( ° % = WX +@
x4

N
oz | O Ao
W W
1 \
€ N)
x RN
- +
O
3
Nl‘m
A ]§ o
\

Moment Sg olx OQ 2]=‘9—— '—’—J—‘g-?*(
e
o
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Deflection by Integration

Slope

Deflection

University of Michigan, TCAUP

@ x: ,_VL;__, (max defl.)

g:—wzpd*w!ﬂ _ qu
24y " 1z(g) 4 (%)

z: "Zw]qf %u.f“’

% it
qe 48 " Ag
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Deflection by Diagrams

Load

Shear

Moment

SIope/(EI) T RAPI¢s S

Deflection (EI)
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EL /P/Z ’ ,?/Z SCL ) ;-w/‘)“
8 ; " 384(ED)
%4
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Table D-24 . Engel

FRACTIONAL

AREAS OF ENCLOSURE RECTANGLES

CURVES TANGENT To

HORIZONTAL AT VERTEX e
NOTE REVFESE P0OS5IBILITIES

k- ey ——)
@

— o435}

X

k3
Ol

FRACTION OF RECTANGULAR
AREAS SHOWN —> O

CENTROID OF FRACTIONAL AREA
LOCATED BY HORIZONTAL
DIMENS(0NS

=2

N W @) N
A Ysk—1%5—|

®

®@| [X
x*

&
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Deflection by Diagrams ‘
example 1 10' 10°
W20~ | 10 20"
LOADING DIAGRAM =1 =
BEAM: W6 X 36 ‘~~—____—j.—”
= X 0
£l IO@S lol20) |
—r :{o'l ‘
SHEAR DIAGRAM 20"%05 1" 10'
o 20*

-S4 —

X

()
f—8—4< %
xt
)
®

/s — Ya
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Deflection by Diagrams '(é

example 2 9" w 42"
E=29000ksi 1 =400in* v _pRSNNE ‘ l z ;“,‘f 0.9
- e~ —) T~ T

Calculated as
a triangle
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Deflection Quiz

For the beam shown, the downward point load can actually produce an upward deflection on
the cantilever. Sketch each of the diagrams below to show the beam behavior for this case

Load

TP/2

-
Slope .

Deflection
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D|ag rams by Pa I’tS O marks vertex which must be present for area equations to be valid.

o K-F = ‘K
L 2' ' B @9‘ r-ﬂ:}” 26’ g

L
4
1)

_?SIK = \
(0.019% R4R) ! (0.020% o)

University of Michigan, TCAUP Structures | Slide 17 of 25

Methods to Calculate Deflection

e

Integration 2
can use to derive equations 53 it 4° -w
YY) R |
PRVY]

Diagrams /

symmetric load cases \: Cie T
Diagrams (by parts / (A fi f
Iagymmefriglgad cLses y l ’Ll-— 4 L +,4 L
1 4 1
S —
Equations -~ Wr;__::g e el
single load cases A \,/_?_,-f 334 EL
Superposition of Equations ~ w J,P cop? e’
multiple load cases == d*3z4er T zer
R
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Deflection: by Equations

 Deflection can be determined by the use
of equations for specific loading
conditions.

» See posted pages for more equations. A
good source is the AISC Steel Manual.

e

+ By “superposition” equations can be
added for combination load cases. Care
should be taken that all added equations
relate to the same point, e.g. the center
line.

* Note that if beam lengths and load (w)
ntered in feet, a conversion factor of
@n#ﬂﬁ‘ must be applied in order to

compute deflection in inches.

University of Michigan, TCAUP

Beam Load and Support

Actual Deflection”

K
W
- ooorrooon 5&4(,7“)
7;@77,‘,‘37% 1P By = T
LFT 7 In
(a) Uniform load, simple span (at the centerline)
P
2 | " w2
7 e = P
L D | 7@}, max = 48F][
L
(b) Concentrated load at midspan (at the centerline)
P P
=Ll i 8 i 3 3P L

() Two equal concentrated loads at third points

max = GaSEl | 28.2E1

(at the centerline)

P PP
va | ua | s | ua

i i pL?
s M 20.1E]
L
(d) Three equal concentrated loads at quarter points (at the centerline)
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Example: Equations Method — By Superposition

» To determine the total deflection of the
beam for the given loading condition,
begin by breaking up the loading diagram
into parts, one part for each load case.

« Compute the total deflection by
superposing the deflections from each
of the individual loading conditions. In
this example, use the equation for a mid-
span point load and the equation for a
uniform distributed load.

University of Michigan, TCAUP

w = 1000#/FT. + 55#/FT. = 1.06k/FT. ,67

P} 50L*
A.1ctual = +
48E] 384EI
T euie
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Example: Equations Method
— 3
* For a W18x55 with an
* E modulus of 30000 ksi

* moment of inertia of 890 in*

e

+ Using an allowable deflection limit of

L/ 240. =
. — w = 1000#/FT. + 55#/FT. =/1.06k/FT,
* Check deflection TITTITIIL]
28’

P’ 5oL
A =
sl ™ 48EI  384EI

1
T o e
A l_@k+s(1.%k/g)(2§3@
actual = 3 X 3
4/3(302 10 )%90)/@84)(30 10°)(890)

Bsetuar = 0.59” + 0.55” = 1.14”

= ’r’
K
-

S

L’ 28x12in./ft.
A .= = =14"
allow ™ 240 240 e

Am] =114"<14"” .. OK
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Example: Asymmetrical Loading — Superposition of Equations

Standard equatlons pro\”de Values 5. SIMPLE BEAM—UNIFORM LOAD PARTIALLY DISTRIBUTED AT ONE END

of shear, moment and deflection at R Vil = & 3 &6 5 & ¢ -3 @-»
1 wa 2=V2 . ¢« ¢ ¢ ¢ ¢ e o . . - w_a*
points along a beam. i Re=Xz 2
Ry 4] R2 Vx_ (when FEE) oo o5 ow = Ry —uwx
?_‘—i Mﬂ.(ﬂ@- —R';L) ...... Rz::
Y‘ ‘ Mx when x < a) ..... = R;x—L’(‘
Cases can be superposed or AT e A N ) 2
. . . w Mx whenx>a) . . . . . = Rz2 (I—x)
overlaid to obtain combined values - max_ ] g Y-
at some point on the beam. M il
T | (when x>a) . .. . @ 24E17 (4x1—2x2 — a2)
TO fmd the point of Combined 8. SIMPLE BEAM—CONCENTRATED LOAD AT ANY POINT
maximum deflection, the derivative T Total Equiv. UniformLoad . . . . . - e
of the combined deflection equation ™ L ] Ri=Vi(max.whena<b) . . . . - =
1 H R, = max. when a =Pa
can be solved for 0. This gives the | * RasVa(maxwhena>b) .o T
. . . . max.( at point of loa . w @ o D,
point with slope = 0 which is a 3 Bl it i
. . ¥! My when x < a P B R,
max/min on the deflection curve. T T (= a:m)) T
’ Amax. (“X =\,—3—— when a > b) = ﬁﬂ)ﬁa Ilfl(a-{-Zb)
Mmax, Aa ( at point of load ) G Patb2

N
Steel Construction Manual Moment Ax ( when x < a ) ¢ @ .W
AISC 1989
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Example (same equations as above): Asymmetrical Loading — Superposition

K
w= | KLF ’, 2;_
RSN v H1IE
/l' B ' I&l o
”KT o 1“{” Ta

i ; USING PeresiTior CAsL 5 +cdot &
Deflection equations for cases(5 )_r v “t &

Asx = CAs€ 5+ cCAs ®

R g v
Input actual dimensions A = wd UB)Axk- sz—f)+_ Bl (BB o)
24 ez 0 b ELX
o )Z v 22 2 Wl L l
Reduce and write deflection equation ~ [EFA* 102 Yoo x) (A~ 0") | 200) (%7-IE-%7)
in terms of x E4{s6) 6(3¢)
e X - 2z
\’ :(@_ %X144?,2X1_I44> L (‘ﬂ - x )
= , 3 o
Differentiate dy/dx to get the slope = XS Gpak , 0ok - 4ed

equation p % THIS 15 THL EQudrion
\ Qx, = X _ 3724+ |oso For, 5LOTE FoR 124%<18

VWHBAL SLOPR = O, A =My

Set slope equation =0 »(9= 3‘1—'— flx + loge
2 12/1'/; i
+ = X2
Solve for x v lii‘—jlﬂ — y/_ P
This will be the point of Amax P
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Example (same as above, cont.): Asymmetrical Loading — Superposition

Deflection equations (5 + 8) — A Miu_}} (4xd _zi'z_at>+ Plox (£24%-x")
24 €I £ LEL 4
Input beam distances as before and

reduce terms » 8 (g )= _ZLS _ 36t lo5ox - &6A
. 2
/e 4"_6/,, AT - L ?é(u,__.f>')z+ |052 (16.5) - 844
Solve deflection for x=16.5’ YR i @

—

= F42.6 - 980l + 17325 - 824

AL (7468 e :
v

Solve for specific section and material FoR v 12x26 wix® o8 (1728)
by dividing by El of the section £ =204 % Sy 221
E= 27&00 KSt - Z-ICQ"

N
C——
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Estimate: Asymmetrical Loading — Superposition of Equation?

Or as an estimate...

It is also possible to estimate the
deflection location and value
without the more exact calculation
of x.

If an equation for A max is given,
use that (conservative).

Otherwise guess x near mid-span.

for example in this case

using C.L. =18 ft

A=7344 k-ft2 =2.15" < Z.1(
0.46 % off

Steel Construction Manual
AISC 1989
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-
ok
ws | KLE AL L
L el L 11T
i AN 18t =
“KT Y( o S

¢

5. SIMPLE BEAM—UNIFORM LOAD PARTIALLY DISTRIBUTED AT ONE END

Ry=Vyimax. . . . . . . . . = -'%7 @l—a)
2
Re=Va . . « « « o . . . . -2
[T T =
Ry 4 Rz v, (whan x< a) ..... = Ry —wx
L% o Ru?
] M max.(at x - ) ..... 2w
\.{' """"" J,v My (whmx(a) ..... - R.x——wzﬁ
R _ Shear
“w ¢ Myx (whcn x> a) ..... = Rz (I—x)
" ax (whon x < a) e = (sr@a2aac a)+u=)
max,
2(] —
| Ax (whon x> a) ..... - ".2‘(éllx) (4x] —2x2 — a2)

Moment

8. SIMPLE BEAM—CONCENTRATED LOAD AT ANY POINT

Total Equiv. UniformLoad . . . . . L] "’:"
P
'-"1 Ry = Vx(max. when a < b) & @ 1 %
Ry Ry Ra= Vx(mu. when a > b) v e e i %
M mn.( at point of load ) e e . m $
x
M Pbx
X M whenx<a ) . . . . = ———
EERRNRANN ( ) 7
Shear amik:. [atxe ‘/ a(a+2b) whenasb) = Pab (a +2b) V3a (a +2b)
- 3 27EIL
M| [ I sa  (atpointofioad ) . . . . = Fabt
l Moment Ax ( when x < a ) e 6 % 8 wm :ET‘I (12— b2 —x2)
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